We study the evolution of the Arrow-Pratt measure of risk-tolerance in the framework of discrete-time predictable forward utility (or performance) processes. An agent starts with an initial utility function, which is then sequentially updated forward in time under the guidance of the martingale optimality principle. We first characterize completely the class of forward utility functions that have a time-constant measure of risk-tolerance and thus a preservation of preferences. We then show that, in general, preferences vary over time and whether the agent becomes more or less tolerant to risk is related to the curvature of the measure of risk-tolerance. An example where the initial utility function belongs to the SAHARA class, which is found to be analytically tractable and stable in the sense that all the subsequent utility functions belong to the same class as the initial one, illustrates the obtained results.
Introduction
The Arrow-Pratt measures of risk-aversion and risk-tolerance introduced by Arrow (1965) and Pratt (1964) have had a lasting impact on the science of decision-making. They play an important part in the theory on the economics of risk, and understanding them is crucial in numerous applications. Kenneth Arrow himself reasoned that 'the behavior of these measures as wealth changes is of the greatest importance for prediction of economic reactions in the presence of uncertainty' (Arrow (1971) , page 96). We would complement this statement by arguing that, not only is the behavior of these measures of greatest importance as wealth changes, but also as time passes. In this paper, we focus on studying the behavior of the Arrow-Pratt measure of risk-tolerance under the evolution of time in the framework of discrete-time predictable forward utility (or performance) processes. Forward processes were introduced by Musiela and Zariphopoulou (2006 , 2009 , 2010a ,b, 2011 and further studied in El Karoui and Mohamed (2013) , Bernard and Kwak (2016) , Shkolnikov et al. (2016) , Choulli and Ma (2017) and Liang and Zariphopoulou (2017) to name a few. Recently, forward processes have been further extended to situations involving model uncertainty (Källblad et al. (2018) ) and probability distortions (He et al. (2018) ). For the purpose of investigating how preferences change over time, forward processes offer several advantages over the classical expected utility maximization framework. An expected utility maximizer is required to a priori select and commit to a time horizon and a market model for the entire horizon. She is also supposed to already know at time zero what her preferences (represented by a utility function) will be at the end of the time horizon. This approach looks at the investment problem as a closed system and assumes that the problem terminates once the horizon is reached. Under forward processes on the other hand, the agent starts with specifying her preferences for today. It seems more plausible that one is able to accurately assess one's present risk-tolerance, rather than the one applying at a potentially far away future time. The agent then updates her preferences under the guidance of the martingale optimality principle, which assures time-consistent decision-making. Under this framework, preferences, strategies and wealth evolve together endogenously and forward in time.
While forward processes have so far mostly been studied in a continuous-time setting, we here focus on discrete-time predictable forward utility processes which have only recently been introduced in Angoshtari et al. (2018) . The main advantage of considering a discrete-time setting is that the predictability of the forward process is explicit and thus leads to richer economic interpretations, as opposed to the continuous-time setting in which the predictability is lost at the infinitesimal level and thus not transparent. Following Angoshtari et al. (2018) , we study a binomial setting with predictable market parameters, where trading dates coincide with performance evaluation dates. In this case, the problem of determining a discrete-time predictable forward utility process reduces to a single-period inverse investment problem which needs to be solved in a sequential manner. While a theoretical framework of discrete-time forward processes has been set up in Angoshtari et al. (2018) , the only concrete example presented therein is the one with an initial isoelastic utility function. In this case, the risk-tolerance of the forward process remains constant over time, even when the agent updates the model for the financial market.
Although such a preservation of preferences might under some circumstances be desirable or realistic, it is arguably not the most interesting case. In this paper, we first fully characterize the class of initial utility functions leading to a risk-tolerance which is constant in time and find that this occurs if and only if the initial utility function belongs to an enlarged class of isoelastic utility functions, where the corresponding inverse marginal function might be multiplied with a doubly log-periodic factor. Hence, the preference-preserving case of isoelastic utility functions is the exception rather than the rule and in general preferences do change over time. We then investigate how this happens qualitatively. We find that whether the agent becomes more or less tolerant to risk as time passes is related to the curvature of the measure of risk-tolerance. This also establishes a forward analogue to a similar result in the context of (classical) expected utility maximization of Gollier and Zeckhauser (2002) , namely, the younger of two agents who are identical except for the length of their time horizons is more (less) risk-averse if and only if their measure of risk-tolerance is concave (convex).
There are surprisingly few explicit examples of utility functions going beyond the setting of power or exponential utilities in the forward utility literature. In the last part of this paper, we study in detail one example: The class of Symmetric Asymptotic Hyperbolic Absolute Risk Aversion (SAHARA) utility functions introduced by Chen et al. (2011) . We show that this class of utility functions is analytically tractable and stable under the framework of predictable forward utility processes in the sense that if the initial utility function is of the SAHARA class, then so is the forward utility. Moreover, only the scale parameter, but not the risk-aversion parameter and threshold wealth, are updated over time. As time passes, the risk-tolerance of the corresponding predictable forward utility process converges to a linear function, conforming to a HARA utility. The class of SAHARA utility functions thus truly deserves its name: A SAHARA utility is not only asymptotically in wealth, but also asymptotically in time, a HARA utility.
The remainder of this paper is organized as follows. We start with reviewing the definition and main results on discrete-time predictable forward utility processes in a binomial market model in Section 2. In Section 3, we provide a complete characterization of initial utility functions leading to a risk-tolerance process which is constant in time. The general study of time-varying preferences and relation to the curvature of the measure of risk-tolerance takes place in Section 4. In Section 5, we study the example of predictable forward utility processes when the initial utility is a SAHARA utility function. We conclude this paper in Section 6. All proofs are relegated to the appendix.
2 Discrete-time predictable forward utility processes in a binomial model
In this section, we review the definition of discrete-time predictable forward utility processes and the main results obtained in Angoshtari et al. (2018) for a binomial market model.
We fix a probability space (Ω, F, P) endowed with a discrete-time filtration F = (F n ) n∈N 0 , where N 0 denotes the non-negative integers. The total return of the stock over the period [n − 1, n) is denoted by R n , n ∈ N, with N = N 0 \ {0}. We suppose that the total return process R = (R n ) n∈N is adapted to the filtration F. Each R n is a binomial random variable taking the values 0 < d n < 1 < u n . The values (d n ) n∈N and (u n ) n∈N themselves are predictable random processes. This allows us to update the market parameters making use of past information, while guaranteeing that those parameters are known at the beginning of each investment period. The
] stands for the best estimate of the probability for an increase of the stock price. We suppose that 0 < p n < 1 in order to exclude arbitrage.
Trading strategies are described by means of a predictable process π = (π n ) n∈N , where π n denotes the dollar amount invested in the risky asset during the period [n − 1, n). Given an initial wealth x > 0 and trading strategy π, the wealth process X π = (X n ) n∈N 0 evolves according
We impose the following constraint on the strategies of the agent such that her wealth remains nonnegative at any point in time,
The set of F n -measurable random variables π n+1 satisfying (1) is denoted by A n (X n ). We call both the investment strategy π and corresponding wealth process X admissible if π is predictable and satisfies (1) for all n ∈ N 0 . The set of admissible wealth processes starting at x > 0 is denoted by X (x).
Recall that a utility function is a function U : R + → R which is twice continuously differentiable, strictly increasing, strictly concave and satisfies the Inada conditions lim x→0 + U (x) = ∞ and lim x→∞ U (x) = 0. The definition of discrete-time predictable forward utility processes is analogous to its continuous-time counterpart (see Musiela and Zariphopoulou (2009) ), except for the condition that the utility function at the subsequent assessment time is completely determined from the information up to the present time. This condition is particular to the discrete-time setting and justifies the name predictable forward.
Definition 1. A sequence of random functions {U n : R + × Ω → R|n ∈ N 0 } is called discretetime predictable forward utility process with respect to F if the following conditions hold:
is constant and U n (x, ·) is F n−1 -measurable for every x ∈ R + and n ∈ N.
(ii) U n (·, ω) is a utility function for almost all ω ∈ Ω and all n ∈ N 0 .
(iii) For any initial wealth x > 0, n ∈ N and admissible wealth process X ∈ X (x),
(iv) For any initial wealth x > 0 there exists an admissible wealth process X * ∈ X (x) such that for any n ∈ N
This definition is analogous to the one in the continuous-time setting (Musiela and Zariphopoulou (2006) ), except point (i) which explicitly spells out the predictability unique to the discrete-time setting. Points (iii) and (iv) constitute the Martingale Optimality Principle (see e.g. Korn (2003) ) that guides the evolution of preferences. This in particular ensures that optimal investment decisions are time-consistent.
Remark 2. The definition of discrete-time predictable forward utility processes is not limited to the binomial model we study in this paper, but can easily be extended to general, not necessarily discrete-time, models for the financial market. It is in particular not necessary that trading times coincide with performance evaluation times. We refer to Angoshtari et al. (2018) for a general exposition and discussion.
The general scheme for constructing discrete-time predictable forward utility processes is as follows: One starts with an initial utility function U 0 and then iteratively discovers U n from U n−1 together with the optimal strategy π * n and wealth process X * n by solving
So while it is important to regard discrete-time predictable forward utility processes in a dynamic setting evolving forward in time conceptually, mathematically the construction of such a process reduces to the following single-period inverse investment problem. Given an initial utility function U 0 and a binomial random variable R taking the values u with probability p and d with probability 1 − p, 0 < p < 1, we seek for a forward utility function U 1 such that for any x > 0
and the supremum is attained at an optimal investment strategy π * = π * (x). It turns out that the above inverse optimization problem is equivalent to a functional equation in terms of the inverse marginal functions I 0 = (U 0 ) −1 and I 1 = (U 1 ) −1 of the initial and forward utility function. We refer Abbas and Aczél (2010) for an overview of the role functional equations are playing in decision anlaysis. An inverse marginal function is a function I :
which is continuously differentiable, strictly decreasing and satisfies lim y→0 + I(y) = ∞ and lim y→∞ I(y) = 0. It is well known that if two functions U, I :
U is a utility function if and only if I is an inverse marginal function. For the complete financial market specified by the total return R, there is a unique risk neutral probability Q given by
The following theorem summarizes the main results of Angoshtari et al. (2018) , cf. Theorem 3 and 4 therein.
Theorem 3. Let U 0 and U 1 be utility functions and I 0 , I 1 their inverse marginal functions. If U 0 , U 1 satisfy the inverse investment problem (2), then I 0 and I 1 satisfy the linear functional equation
where
On the other hand, if I 0 , I 1 satisfy (3), theñ
is a forward utility for U 0 . Moreover, the optimal terminal wealth is given by X * 1 (x) = I 1 (ρU 0 (x)).
Remark 4. There is no one-to-one relationship between utility functions and their inverse marginal functions since an inverse marginal function only determines the corresponding utility function up to a constant. It is thus not surprising that we need to add the right constant to the utility function in (5) in order for U 1 to be a forward utility for U 0 .
Theorem 3 shows the equivalence between the inverse investment problem (2) and the linear functional equation for the inverse marginal (3), the latter typically being much easier to solve, cf. Section 6 in Angoshtari et al. (2018) for a thorough analysis of equation (3).
Remark 5. It is straightforward to extend the results in this section, and in particular Theorem 3, to utility functions defined on the whole real line, i.e., for utility functions U : R → R which satisfy the Inada condition lim x→−∞ = +∞ at minus infinity instead of zero and otherwise enjoy exactly the same properties as the utility functions we studied above. One would then of course not require the terminal wealth to be nonnegative and in particular not impose any restriction on the set of admissible strategies, that is A(x) = R for any x ∈ R. We will make use of this observation in Section 5, where we study utility functions of the SAHARA class which are naturally defined on the whole real line.
3 Characterization of initial utility functions under which the measure of risk-tolerance is preserved over time
Recall that the Arrow-Pratt measure of (absolute) risk-aversion of a utility function U is defined by
and its reciprocal, the Arrow-Pratt measure of (absolute) risk-tolerance, is given by
These equivalent measures fully characterize the preferences of the agent. If A 0 and A 1 denote the measures of risk-aversion of two utility functions U 0 and U 1 , then it follows from A(
for all x > 0 if and only if there are constants C > 0 and D ∈ R such that
It is our goal to investigate how preferences evolve when time passes and wealth changes and to his end we first characterize all initial utility functions U 0 under which preferences are preserved over time and are thus a function of wealth alone. If U 1 is the forward utility for U 0 , this is the case if and only if the corresponding measures of risk-tolerance coincide, i.e., T 0 (x) = T 1 (x) for all x > 0. One such example is the case of an isoelastic initial utility function exhibiting constant relative risk-aversion, U 0 (x) = 1 − 1 θ x 1−1/θ with θ > 0 and θ = 1. As shown in Angoshtari et al. (2018) , the forward utility is given by
for this case. Note that since preferences represented by a utility function are invariant under an affine transformation of the utility function and the market parameters enter only the factor δ, preferences in this example remain constant over time even when market parameters were to be updated. If U 1 is a forward utility for U 0 with T 0 (x) = T 1 (x) for all x > 0, then U 1 (x) = CU 0 (x) for some constant C > 0 and the inverse marginal functions corresponding to the utility functions U 0 and U 1 therefore satisfy the relationship I 1 (y) = I 0 y C . The linear functional equation for the inverse marginal functions (3) becomes
The following lemma determines all inverse marginal functions which solve (7) for a given C > 0.
Lemma 6. Let C > 0. We consider the following three cases:
(i) If p = q every inverse marginal function I 0 satisfies (7) when C = 1 and no inverse marginal function I 0 satisfies (7) otherwise.
(ii) If p = q and either C ≤ min
there is no inverse marginal function I 0 satisfying (7).
(iii) Let p = q and min 
This equation is obviously solved by β 0 = 0 and β 1 = −1, which corresponds to a logarithmic utility function. Because the function f defined in the proof of lemma 6 is increasing in the parameter C for a fixed negative β, we conclude that min corresponds to −1 < β 1 < 0 and thus utility functions with U (+∞) < +∞.
The following example shows the existences of functions k having the properties as described in part (iiib) of Lemma 6.
Example 8. We here give an example showing that there exist positive, continuously differentiable functions k :
x and xk (x) < −β 1 k(x) for all x > 0 when log a Cc / log 1 Cc = −n/m for some n, m ∈ N. Indeed, it is easy to see that
satisfies the above properties for large enough K > 0.
The results of this section are summarized in the following theorem, which characterizes initial utility functions leading to a preservation of preferences under the framework of discretetime predictable forward utility processes.
Theorem 9. Suppose p = q and let U 0 be a utility function with risk-tolerance T 0 and inverse marginal I 0 . Preferences are preserved, i.e., there is a forward utility U 1 for U 0 with risktolerance T 1 satisfying T 0 (x) = T 1 (x) for all x > 0, if and only if I 0 has one of the following two forms: either I 0 (x) = kx β 1 for some constants k > 0 and
x and xk (x) < −β 1 k(x) for all x > 0 for some constants C > 0 and β 1 < 0 satisfying (8).
Theorem 9 shows that all initial utility functions leading to a time-independent measure of risk-tolerance belong to an extended class of isoelastic utility functions, where the inverse marginal might be multiplied with a doubly log-periodic factor. This in particular implies that power utility functions are the exception rather than the rule as in general preferences described by predictable forward processes will change as time evolves and this change potentially depends on the altering conditions of the market.
Remark 10. For the continuous-time setting, Choulli and Ma (2017) show that the measure of risk tolerance of isoelastic utility functions is independent of both the time and state in a general locally bounded semimartingale model for the financial market. On the other hand, it remains an open problem to fully characterize the class of all continuous-time forward processes under which preferences are preserved and investigate how this class depends on the financial market under consideration.
Time varying risk-tolerance
We have seen in the previous section that initial utility functions under which preferences represented by predictable forward utility processes are preserved as time evolves must belong to an extended class of isoelastic utility functions. It is the objective of this section to study how the measure of risk-tolerance is updated under the framework of predictable forward utility processes once one goes beyond this extended class of isoelastic utility functions and thus how preferences evolve over time. We will again denote the risk-tolerance corresponding to U 0 (resp. U 1 ) by T 0 (resp. T 1 ). The following theorem shows that whether the agent becomes more (respectively less) tolerant towards risk as time passes depends on the curvature of the measure of risk-tolerance.
Theorem 11. Let U 0 be an initial utility and U 1 the corresponding forward utility. The following holds:
(ii) If T 1 is (strictly) convex, then for all x ∈ R:
Remark 12. The measure of risk-tolerance of power utility functions is linear and thus in particular both convex and concave. Theorem 11 implies that its risk-tolerance will remain constant, consistent with our earlier results in Theorem 9.
It is natural to ask whether the conclusion of Theorem 11 still holds when one starts from the assumption that T 0 is concave, respectively convex. The answer is yes for most, but not necessarily all wealth levels. From the proof of Theorem 11, using first (14) and then the concavity of T 0 (x) together with (15), one obtains that for any x > 0
and the inequality is strict when T 0 is strictly concave. Since U 0 : (0, ∞) → (0, ∞) is a bijection by the Inada conditions, (9) gives a general direction for the future behavior of the agent. In the case where T 0 is convex one obtains the opposite inequality in (9). Therefore, so long as we have the convexity/concavity in risk-tolerance of a forward utility process, Theorem 11 dictates whether the agent becomes more risk tolerant or otherwise as she grows older. Turning this observation around, given an agent exhibiting monotonicity in time her risk tolerance, Theorem 11 may help choose a suitable parametrized family of utility functions to model her risk preference. In the next section, we will present a forward utility process with convex risk-tolerance measures.
Remark 13. Gollier and Zeckhauser (2002) study the implication of the curvature of the measure of risk-tolerance on the relation between horizon length and willingness to take risk in a framework with a fixed time horizon, by computing the risk-tolerance of the intermediate value function in a two-step setting. They show that convexity of the absolute risk-tolerance is necessary and sufficient for a young agent to take more risk than an otherwise identical older agent. Clearly, our result, Theorem 11, is consistent with their finding. A similar result relating the behavior of the risk-tolerance of the value function to the curvature of the utility function applied at the end of a fixed time horizon was obtained by Källblad and Zariphopoulou (2017) in a continuous-time lognormal market.
There is no consensus in the literature on whether absolute risk-tolerance should be concave or convex. Hennessy and Lapan (2006) show that a concave risk-tolerance implies the concept of standard risk-aversion of Kimball (1993) , which in turn implies proper risk-aversion (Pratt and Zeckhauser (1987) ) and risk vulnerability (Gollier and Pratt (1996) ). However, none of these concepts in turn imply concavity of the risk-tolerance. Gollier and Zeckhauser (2002) argue that there are equally appealing arguments for both a concave or convex risk-tolerance while empirical results of Guiso and Paiella (2008) suggest a concave measure of risk-tolerance. Contrary to conventional wisdom, Guiso and Paiella (2008) also find that the portfolio share of risky assets is increasing in age, see also Guiso et al. (1996) for an earlier result in this direction. This would be consistent with our finding in Theorem 11, which implies an increasing risk-tolerance of the predictable forward utility process when the risk-tolerance is concave.
Example 14. This example serves to explicate that, in general, there may not be a uniform order of elevation between the risk-tolerances of the two neighbouring utility functions in a forward process. Intuitively, if a pair of an initial utility function U 0 and corresponding forward utility U 1 are given, then they are related by U 0 (x) = pU 1 (x + π
So the local behaviour of U 0 at a wealth level x is not related to that of U 1 at the same wealth level x, but instead to U 1 evaluated at two different wealth levels, one above and the other below x. If the risk-tolerance of the forward utility U 1 is fluctuating, then the risk-tolerance of U 0 might be fluctuating at a different phase. We illustrate this phenomenon numerically. We start with a utility function applied at time 1 of the form
for x ∈ (a, b), parametrized by δ, K > 0, where 0 < a < b < +∞ is such that U 1 is increasing in that interval. U 1 can be extended to be a globally increasing and strictly concave utility on the whole real line satisfying the Inada conditions, but it is not important for our purpose to specify exactly how this is done, as the local behaviour of the utility function in a sufficiently large region fully specifies an expected utility maximization problem in a binomial market within some smaller region. For the numerical example we consider p = 0.6, u = 1.1, d = 0.9, δ = 0.15 and K = 20. Then U 1 is strictly increasing between a = 1 and b = 17. The absolute risk-tolerance for U 1 is given by
We then solve the classical expected utility maximization problem to obtain the value function Notes. This figure shows the measure of risk-tolerance of the initial and forward utility when the risk-tolerance of the former is oscillating in a market with p = 0.6, u = 1.1 and d = 0.9. It illustrates that the risk-tolerance is not necessarily monotone in time.
U 0 (x). Clearly U 0 and U 1 are two neighboring utility functions in the forward process. Since it is difficult to compute the inverse marginal utility function I 1 explicitly and thus to obtain analytical results for the measure of risk-tolerance of the initial utility function U 0 , we solve the expected utility maximization problem numerically using MATLAB and then compute a central difference of second order accuracy to estimate the risk-tolerance of the initial utility. We do so for initial wealth levels between 4 and 12 such that the resulting terminal wealth under the optimal strategy remains between a and b. Figure 1 compares the risk-tolerance of the initial and forward utility functions. As expected, at some wealth levels the risk-tolerance of U 0 is lower than that of U 1 , but at other wealth levels the opposite occurs.
An example with SAHARA utility functions
In this section, we solve and study an explicit example, where the initial utility function belongs to the class of Symmetric Asymptotic Hyperbolic Absolute Risk Aversion (SAHARA) utility functions introduced in Chen et al. (2011) .
Definition 15. A utility function U : R → R is of the SAHARA class with risk-aversion parameter α > 0, scale parameter β > 0 and threshold wealth ξ ∈ R if its absolute risk-tolerance is given by
When wealth is far above or below the threshold wealth the risk-tolerance behaves like a linear function of wealth, giving rise to the name of its class. When the threshold level is approached from above the risk-tolerance decreases, thereby reflecting the agents' reluctance to fall below the threshold. However, unlike in the case where wealth is restricted to remain nonnegative, this reluctance is not absolute and the agent thus allows for the possibility of falling below the threshold. Once below the threshold, the agent becomes more tolerant to risk the further away she gets from the threshold. Preferences reflected by a SAHARA utility function are thus resembling concepts in behavioral finance, where there is a reference point dividing absolute wealth in a gain region, where the agent is risk-averse, and a loss region, where the agent is risk-seeking. Chen et al. (2011) compute that SAHARA utility functions are of the form
up to positive affine transformations. The corresponding inverse marginal function is given by
for y > 0.
Remark 16. Chen et al. (2011) assume that the threshold wealth is zero for simplicity. We here explicitly allow for an arbitrary threshold wealth ξ because we are interested in how this threshold evolves forward in time.
Theorem 17. Let the initial utility function U 0 be of the SAHARA class with risk-aversion parameter α > 0, scale parameter β > 0 and threshold wealth ξ ∈ R. The forward utility is of the form U 1 (x) = + λ α U (x), where is given by (6),
and U is of the form (10) with risk-aversion parameter α 1 , scale parameter β 1 and threshold wealth ξ 1 updated according to
The optimal terminal wealth is given by X * 1 (x) = X * ,u
1 (x)1 {R=d} with
The corresponding optimal strategy is given by
It follows from Theorem 17 that the forward utility remains within the class of SAHARA utility functions and, more surprisingly, only the scale parameter β changes over time. In particular, the risk parameter α as well as the threshold wealth ξ remain constant independent of prevailing market conditions. We next turn our attention to the updating of the scale parameter β. Since x + 1/x ≥ 2 for x > 0 while the equality holds if and only if x = 1, β 1 ≤ β while equality holds if and only if a = 1, i.e., the expected return of the risky asset equals the risk free return. Since b depends only on q, the reduction of the scale parameter is increasing in the difference between the physical and risk-neutral probability measure for any fixed values u and d of the risky asset. Note that the risk-tolerance
of a SAHARA utility function is convex as a function of wealth and increasing in the parameter β. That the scale parameter β 1 of the forward parameter is smaller than the scale parameter β 0 of the initial utility function is thus consistent with Theorem 11. As long as the excess return offered by the market remains larger than a positive, time-independent constant, the scale parameter β will converge to zero as time passes. This implies that the risk-tolerance of the forward process approximates a linear function corresponding to a HARA utility. A SAHARA utility is thus not only asymptotically in wealth but also asymptotically in time a HARA utility.
To conclude this example, we compare the optimal terminal wealth for the SAHARA preferences with the terminal wealth optimal for an isoelastic utility function. For better comparability we suppose that the threshold wealth ξ is zero and consider an isoelastic utility function with the same risk-aversion parameter α, i.e., U iso (x) = 1 1−α x 1−α . For this initial utility function the optimal terminal wealth and optimal strategy are given by X iso 1 (x) = X iso,u 1
with λ as in (12).
Proposition 18. Suppose that the excess return of the market is positive, i.e., p > q. For x > 0, let π * (x) denote the optimal strategy for a forward utility when the initial utility is a SAHARA utility function with risk-aversion parameter α > 0, scale parameter β > 0 and threshold wealth ξ = 0 and let π iso (x) denote the strategy for a forward utility when the initial utility is an isoelastic utility function with risk-aversion parameter α. The difference between the two strategies,
, is positive, strictly decreasing in x and converges to zero as x goes to infinity.
Proposition 18 is further illustrated in Figure 2 , which shows the optimal terminal wealth in both states for the SAHARA and isoelastic forward utility function. The two agents behave similar for large wealth levels, but the agent with an isoelastic initial utility reduces her exposure to the risky asset to zero whereas the agent with a SAHARA initial utility function keeps the exposure above a non-zero constant as the initial wealth goes to zero.
Conclusion
We investigate how the Arrow-Pratt measure of risk-tolerance evolves in the framework of discrete-time predictable forward utility processes. We first establish a complete characterization of initial utility functions leading to a time-constant measure of risk-tolerance. We find that such a preservation of preferences happens if and only if the initial utility function belongs to an enlarged class of isoelastic utility functions. Our next focus is on how preferences are updated qualitatively. We find that whether an agent becomes more or less tolerant to risk as time passes is related to whether the measure of risk-tolerance is concave or convex. Finally, we study an example with SAHARA utility functions. This class of utility functions is found to be analytically tractable under the framework of discrete-time predictable forward utility processes.
Appendix. Proofs A Proof of Lemma 6
Case (i) is trivial because a = c = 1 when p = q. For the remainder of this proof we thus assume that p = q. Note that a strictly decreasing solution to (7) can only exist when a < Cc < 1 if p > q or a > Cc > 1 if p < q. A solution to (7) within the class of inverse marginal functions can thus only exist when min
, which we assume from now on.
This shows the first part of (ii), but because Clearly, f is strictly convex, f (0) = 0 and
Hence f (0) is positive when C < , the solutions to (8) are given by β 0 = 0 and a unique positive β 1 . Now note that equation (7) is equivalent to
As β 0 = 0 and β 1 are the only solutions to the characteristic equation (8) of the above functional equation, according to Laczkovich (1986) , if I 0 is a non-negative and measurable solution of (7), then there are non-negative measurable functions k 0 and k with k 0 (x) = k 0 a Cc
x for all x > 0 and k 0 , k are constant whenever log a Cc and log 1 Cc are not commensurable, such that
When we require I 0 to be an inverse marginal function, we have lim x→∞ I 0 (x) = 0 which implies that k 0 (x) = 0. I 0 also must be strictly decreasing, and β 1 thus has to be negative because of the double log-periodicity of k. We conclude (ii). The properties of an inverse marginal function further require that k is continuously differentiable and that 0 > I 0 (x) = (k (x)x + β 1 k(x)) x
which results in the requirement that xk (x) < −β 1 k(x) for all x > 0. On the other hand, it is easy to verify that when I 0 (x) = k(x)x β 1 , where k satisfies the properties as above and β 1 solves (8), then I 0 satisfies (7).
B Proof of Theorem 9
For the only if direction, let U 1 be a forward utility for U 0 with risk-tolerance T 1 (x) = T 0 (x) for all x > 0 and inverse marginal I 1 . As we have seen at the beginning of Section 3, T 1 (x) = T 0 (x) for all x > 0 implies that there exists a C > 0 such that I 1 (y) = I 0 y C . Since U 1 is a forward utility for U 0 , I 0 satisfies (7) Then I 0 satisfies (7). In the second case, I 0 satisfying (7) is implied by the assumptions and Lemma 6. Set I 1 (y) := I 0 y C . Then I 1 satisfies (3) and according to Theorem 3 is thus the inverse marginal function of the forward utility for U 0 given in (5). I 1 (y) = I 0 y C yields U 1 (x) = CU 0 (x) which in turn implies T 1 (x) = T 0 (x).
C Proof of Theorem 11
According to Theorem 2.0 in Kramkov and Schachermayer (1999) we have
where ρ denotes the unique pricing kernel. The above equality implies that
D Proof of Theorem 17
According to Theorem 3 and Remark 5, we need to find an inverse marginal function I 1 solving the functional equation 
Using the explicit form of λ and β 1 given in (12) and (13) 
